arXiv:hep-th/0112073v3 18 Jan 2002 


YITP-Ol-81 
hep-th/0112073 
December 2001 


Expanded Strings in the Background of NS5-branes 
via a M2-brane, a D2-brane and DO-branes 


Yoshifumi Hyakutake Q 

Yukawa Institute for Theoretical Physics, Kyoto University 
Sakyo-ku, Kyoto 606-8502, Japan 


ABSTRACT 

Classical configurations of a M2-brane, a D2-brane and DO-branes are investigated 
in the background of an infinite array of M5-branes or NS5-branes. On the M2- 
brane, we discuss three kinds of configurations, such as a sphere, a cylinder and a 
torus-like one. These are stabilized by virtue of the background fluxes of M5-branes. 
The torus-like M2-brane configuration has winding and momentum numbers of 11th 
direction, and in terms of the type IIA superstring theory, this corresponds to a 
torus-like D2-brane with electric and magnetic fluxes on it. We also reproduce the 
same configuration from a non-abelian Born-Infeld action for DO-branes. It will 
be a construction of closed strings from DO-branes. An electric flux quantization 
condition on the D2-brane is also discussed in terms of DO-branes. 
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1 Introduction 


The type II superstring theories contain (p+l)-form helds called Ramond-Ramond potentials, 
and Dirichlet p-branes carry charges corresponding to these £elds[Q]. Under the T-duality[^, |^, 
a Dp-brane which wraps around a compactihed circle is transformed into a D(p—l)-brane which 
does not wrap around the circle, and vice versa|^. The world-volume theory on D-branes are 
constructed in refs.[^-[P!B| and such works are extended in a way consistent with T-duality in 
ref. [^, [^, . 

The strong coupling limit of the type IIA superstring theory is described by M-theory[|T7|, 

|T^, and it is pointed out in ref.[^ that a M2-brane can be constructed as a bound state 
of infinite number of DO-branes. Along this line. Ra nk s et ah conjectured that M-theory is 
equivalent to matrix quantum mechanics describing a large number M of DO-branes |pl||. In 
the BFSS matrix theory, M2-branes are realized by giving a non-trivial commutation relation 
between U{M) adjoint scalar fields[^]. The similar fact that a D2-brane is constructed from M 
DO-branes can also be viewed by using a low energy effective action of M coincident DO-branes, 
which is consistent with the T-duality 

In this paper, we study various M2-brane conhgurations with momentum in the background 
of an inhnite linear array of M5-branes in direction. Reducing along the direction, the 
background M5-branes are interpreted as NS5-branes in the type IIA superstring theory, and 
M2-branes are identihed with D2-branes or strings according to their configurations. Interest¬ 
ingly, M2 or D2-brane configurations become stable against collapse by virtue of the background 
flux. Then we can study configurations of M2 or D2-brane by employing their world-volume 
theories, and see that both results agree. Those configurations are also reconstructed from the 
viewpoint of DO-branes. Now let us see the situations in detail. 

In refs, |2^, configurations of spherical D2-brane are considered in the background 
of N coincident NS5-branes in the type IIA superstring theory. The NS5-branes couple mag¬ 
netically to Neveu-Schwarz 2-form field and the flux penetrates in the transverse space. 
Under this background, a D2-brane with M units of magnetic flux on it becomes stable if it 
expands into S'^ in the S^. In section we will reexamine these conhguration by employing 
the M2-brane action, and expect that the spherical D2-brane finally becomes a giant graviton 
in the background of AdSj x 5^. The giant graviton considered here is a spherical M2-brane 
moving along a certain in the 5^ with M units of momentum|^^. And roughly speaking, if 
the x^^ direction is identified with the moving one, the giant graviton would be considered as 
the spherical D2-brane with magnetic fluxes on it. Similar spherical D2-brane conhgurations 
in the background of Dp-branes have also been considered in refs. . 

In this paper, we also investigate the case where the x^^ direction is identihed with one of 
the world-volume directions of the spherical M2-brane. After the double dimensional reduction. 
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such M2-brane configurations are transformed into expanded closed strings moving along a 
certain in the in the background of N coincident NS5-branes. We will explore this case 
by using the M2-brane action. Furthermore, we also examine the case where such strings are 
moving along the direction by employing the M2-brane action. In fact, it is impossible for 
M2-brane to have momentum along its extending directions. Therefore in order to assign the 
momentum of the direction, we should slant the world-volume directions of the M2-brane 
to the x^^ direction. In 10-dimensional space-time, the M2-brane shapes like a torus and, in 
terms of type IIA superstring theory, this corresponds to a toroidal D2-brane with electric 
and magnetic flux on it. As in the case of the BFSS matrix theory or Myers effect, it is an 
interesting problem to realize such configurations from the viewpoint of M DO-branes. The 
main purpose of this paper is to exhibit the detailed relations among M2-brane, D2-brane, 
fundamental strings and DO-branes. 

The outline of this paper is as follows. In section ^ the configurations of the spherical 
D2-brane with M units of magnetic flux on it are reviewed from the viewpoint of the M2-brane 
action. The stability of these configurations are also discussed. In section we explore the 
configurations of the expanded closed string and toroidal D2-brane with electric and magnetic 
fluxes on it, by employing the actions of M2-brane or D2-brane. In section we reconstruct the 
action of the toroidal D2-brane from the Born-Infeld action for M DO-branes. One important 
result is that the quantization condition of the electric flux, corresponding the number of 
fundamental strings, is expressed from the degrees of freedom of M DO-branes. Conclusions 
and discussions are given in section ^ 


2 Spherical M2-brane in the Background of M5-branes 

2.1 NS5-branes background 


Throughout this paper, various configurations of a M2-brane, a D2-brane and DO-branes are 
explored in the background of NS5-branes. Since M2-branes live in 11-dimensional space- 
time, the 11-dimensional counterpart of the background of NS5-branes is required. Thus we 
briefly review the classical descriptions of NS5-branes and M5-branes. We begin with the 
classical solution of N coincident M5-branes in 11-dimensional supergravity theory, and then 
by reducing the 11th direction, derive classical geometry of N coincident NS5-branes in type 
IIA supergravity theory [p^, ^ . 


Bosonic fields of the 11-dimensional supergravity consist of a graviton Gmn and a 3-from 
field Aimn- Here the capital letters represent 11-dimensional indices. Then the classical 
solution of N coincident M5-branes in the 11-dimensional supergravity is given by a metric of 
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the form 


, TlNt 

CL^^b ^ _ 1 I P 


dsfi = f ^r]^ydx^dx^ + f^datdx^dx^^ / = 1 + 


(1) 


= 


5^(a;“)2, /r, z/ = 0,1, • ■ ■ , 5, a,b = 6,7,8, 9, 11, 


and a 4-form field strength of the form 

F = dA = SnNip dvs^- 


( 2 ) 


Here dvs^ denotes the volume form of a unit and ^p is the Planck length in the 11-dimensional 
theory. The N coincident M5-branes are parallel to the directions and located at r = 0 in 
the transverse space. 

Our next task is to make a classical solution which corresponds to the periodic conhguration 
of N coincident M5-branes along the direction at intervals of 2'kRii. This can be done by 
modifying the harmonic function / as follows: 


TlNip 


/ = i+ — 

n=-oo (r^ -f - 27 mi?ii) 2 ) 

and the 4-form held strength in a similar way: 

OO 

Fijki = STiNileijki 52 


’ ’^^ = 52^^*)^’ * = 6, ■•■,9, 


( 3 ) 


x^^ — 27rni?ii 


=-oo (r^ — 27 mi?ii) 2 ) 


5 5 
2 


( 4 ) 


Fijkll 87lN£p6mijk 5 ^ 


X 


^=-oo (r^ + — 27rni?ii)2) ^ 

In order to derive the classical description of N coincident NS5-branes, it is necessary to take 
a limit of 1 -C r/Ru. In this limit, the summation on n is approximated to an integral and the 
metric and the 4-form held strength become. 


dsi-^^ = f srjpiydx^dx’^ + f^Sijdx^dx^ + f3[dx^^) , f = 1 + 


Nil 


( 5 ) 


2Ni^ 

F = „ ^ dvs3 A dx^^. 


R 
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This is an expression for the classical solution of N coincident NS5-branes in the 11-dimensional 
supergravity. In fact, by performing Kaluza-Klein dimensional reduction, the classical solution 
(|^) is transformed into that of the type IIA supergravity: 

Nil 


ds^Q = Tjpydx^dx'^ + fdijdx^dx^, / = 1 -f 

= H = 2Nildvs3. 


( 6 ) 
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Figure 1: A picture of the harmonic function . The solid curves represent contour lines of /. 
As r decreases to Ru, asymmetry of the 11th direction will be observed and hnally reaches to 
a throat part of N coincident M5-branes. 


Here 0 is a dilaton held and H represents the held strength of NS-NS 2-form B. The relations 
such as Rii = isds and ip = gl^^is were used to derive 

So far, we have constructed the type IIA supergravity solution for N coincident NS5-branes 
starting with inhnite number of M5-branes. It is clear from the construction that the descrip¬ 
tions d^) and @ make sense in the region 1 <C r/Ru and 1 N. Furthermore, we consider 
the throat part of the N coincident NS5-branes. That is the region of 1 VNig/r where the 
constant part of the harmonic function / is negligible. As r approaches to Ru, the dependence 
on the 11th direction will begin to show up (Fig.|^). 

In the following sections, the Born-Infeld actions for a D2-brane and DO-branes are em¬ 
ployed, and we must assume 1 in order for the world-volume analyses to be valid. It 

is equivalent to the condition '/N r/Ru, and can be achieved by taking gs as sufficiently 
small. 


2.2 Spherical M2-brane in the background of M5-branes 

The transverse space of N coincident NS5-branes is 4-dimensional and the flux penetrate in 
this space. Since the homotopy group 7i2{S^) is trivial, a D2-brane wrapped on in the 
shrinks to zero size in general. However, if there are magnetic fluxes on the spherical D2-brane, it 
can become stable with some hnite radiusj^. In this subsection, we reexamine conhgurations 
of the flux stabilized spherical D2-brane in the background of N coincident NS5-branes, by 
employing the M2-brane action. 

A single M2-brane action is given by the sum of the Nambu-Goto and the Wess-Zumino 
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type terms of the form 


5m2 = -T 2 j d^^y/-detP[GU + T 2 J P[A], (7) 

where denote world-volume coordinates of the M2-brane and means the pullback 

operation. The tension of the M2-brane is expressed as T 2 = l/dvr^f'p, and the background 
helds are given by the classical solution (^) of M5-branes. In this subsection, we use the 
following polar coordinates for x®, • • • , x®, x^^ directions: 

x® = r sin^sin^i sin 6 ' 2 , x^ = r sin 6 * sin 6*1 cos 6 * 2 , x® = r sin 6 * cos , ( 8 ) 

= r cos9, x^^ = Rii(f). 


Parameter regions are given by 0 < 6 *, 6*1 < tt and 0 < 62 , (j) < 27r. Then the background metric 
and the 3-form gauge held, in adopting an appropriate gauge, are written as follows. 


dsh = f ^7]^ydx^dx^ + {dr‘^ + r'^dO'^ + sin^ 0 {d 0 ‘l + sin^ 6id9\)) -\- f ^R\i{d(t)f‘, 

Ni^ 

A = Nl‘ti9 — sin 9 cos 9) sin 9i d9i A d 92 A dcj), f = — —(9) 
^ Rur^ 

What we are interested in here is spherical conhgurations of the M2-brane, thus its world- 
volume coordinates are chosen as (f, 6 * 1 , 6 * 2 ). As for the scalar helds which represent 

the positions of the M2-brane, we assume that x^, • • • , x® are equal to zero and r, 9 and 0 are 
functions of t. Now preparations are complete, we can evaluate a Lagrangian of the M2-brane 
straightforwardly. It becomes 


Rm 2 = — 47 rT 2 / 2 r^ sin^ 9\/1 — ff’^ — fr‘^9‘^ — f -\ -(0 —sin 0 cos 0)0. (10) 

' TT 

Note that the momentum conjugate to 0 is a conserved quantity and should be quantized since 
0 is periodic. The second term contributes to the potential energy of this system and decreases 
it when 0 is positive. 

In order to hnd stable conhgurations of the spherical M2-brane, it is useful to move to the 
Hamiltonian formalism. As usual, conjugate momenta are dehned as 


Pr = 

Pe = 


0 £m 2 47 rT 2 / 2 r^ sin^ 0 r 

0 £m2 47rT2/5r^sin^ 0 0 

^l-/f2-/r202 -/i?2^02’ 

0 £m 2 47rT2/ir2i?2 sin2 0 0 

-^ ^ - (0 — sm 0 cos 0 ) 

- fr^ - frW - ^ 


( 11 ) 
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and the Hamiltonian is given by 


’h^M2 = Pr^ + Pe^ + P(l>4> ~ Pm2 

= f--^ 


( 12 ) 



+ 


Po 


fir 


+ 


-P,/, — ^ (6*—sin 6* cos 6*) 


/3i? 
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+ (47rT2/3r2 sin^ 6*)' 


Physical interpretations of this Hamiltonian are as follows. The coefficient of the square root is 
the red shift factor. The hrst and the second terms in the square root are kinetic energies of the 
r and 9 directions, which are the same as in the case of a point particle. The third term in the 
square root corresponds to the momentum along the 11th direction reduced by an effect of the 
background ffux of M5-branes. The fourth term represents the mass of the spherical M2-brane 
with the radius f^r sinO. If there is no background flux, the energy of the M2-brane reaches 
minima when 6 is equal to 0 or tt, which represent contracting M2-branes. Thus an essence of 
flux stabilization comes from the existence of the third term. 

Now let us solve the equations of motion obtained from the Hamiltonian (|T^. The equations 
of motion become of the forms 


Pr 


r = 


9 = 


f'HM2 ’ 

Pe 

fr'^'HM2' 

1 


Pr = 


frHM2 
2N sin^ 9 / 


Pr + 


Pff, — ^{9 — sin 9 cos 9) 


R 


11 


+ 






sm‘^9 


11 


fRhn 


M2 


N 

7rfRl;^HM2 vr ^ 

N 

P<A- {9 — sin 9 cos 9) 

TT 


(13) 


P* = 0 . 


As already mentioned, takes an integer M. In order to solve these equations, we make an 
assumption that 9 = Q. This requires = 0 and hence Pq = 0. Then there are three kinds of 
solutions. Two of those are 


0 — 0, 7-fM2 — 


'P 2 M 2 


+ 


/ fR\i 


(14) 


and 


f. ^ ^ IP? , (M-1V)2 

U-TI, --. 


(16) 


The former represents a shrinking M2-brane at tire north poie of the and likewise the latter 
at the south pole. The remaining solution is given by 




( 16 ) 
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Figure 2: A picture of S^. A spherical M2-brane expands into the bold ‘sphere’. 


Note that this solution exists only in the region of 0 < M < A^. This solution represents a 
spherically expanded M2-brane with the radius /5rsin(^7r) and gives the lowest energy among 
the three solutions. 

If Pr is equal to zero, the energy of can be rewritten as 

N 


'Hm2 — 


fM 

— -T sin —TT 

TvisgsG^ ^ N 


(17) 


where the equation (j^) is used. This gives the same energy as a spherical D2-brane of ref.[^ 
In any solution we should also solve the equations for the radial direction of the forms 


r = 


Pr 

f'Hu2 ’ 


p. = — 


(18) 


We will analyze this equation in the next subsection. 


2.3 Stability on the spherical M2-brane 


In ref.[^, the solution (^) has been shown to be stable against fluctuations for 6 direction. 
To check the full stability of the spherical M2-brane, however, we should also take care of the 
motion in the r direction. 


Now let us solve the equations of motion ([T8|) . The Hamiltonian (p!2D is a conserved quantity 
since it does not depend on t explicitly, so the equations of motion can be rewritten as 


2 2 ^ 

r-(r) H- 

’ Ar£2 


= 0 . 


S 


Then a solution of this equation is expressed as 


r = 


ro 


(Tlfe) 


(19) 


( 20 ) 
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The integral constants are chosen so as to satisfy r(0) = tq and r(0) = 0. Thus as time evolves 
the spherical M2-brane falls deep into the horizon of the inhnite linear array of M5-branes. 
7 iyi 2 and (p are given by 


N sin 6 / t \ 

Pr — Sinil 1 . — 1 5 

vrPii \yfNlJ 

■ Vq cos 0 1 

” vTve.Rn (^) ■ 


ro\/iV sin 9 

TT^Pii 


( 21 ) 


As already mentioned in the subsection | 2 . 1 | , our calculation is reliable in the region of 
Pii/r 1 -C y/Nis/f (and gs -C 1), therefore dynamics out of this parameter region is 
beyond our scope. One can guess, however, that as r approaches to Rn the dependence of 
the background on the 11th direction is observed, and the spherical M2-brane approaches the 
throat part of the N coincident M5-branes. There the spherical M2-brane could be identihed 
with the giant graviton in the background of AdS 7 x S^. 

In the remainder of this subsection we discuss whether the spherical M2-brane is supersym¬ 
metric or not. A strategy employed here is the same as that of refs.[^, |^. First we search for 
killing spinors in the background of the inhnite linear array of M5-branes, and next count the 
number of the killing spinors which can be zero by K-symmetry on the M2-brane. 

In the 11-dimensional supergravity theory, a variation of a gravitino under supersym¬ 
metric transformation is given by the form 




( 22 ) 


where capital letters denote 11-dimensional space-time indices and e is a Majorana spinor. Vm 
denotes a supercovariant derivative for Majorana spinors. The full expression for it contains 
terms of higher order in Tm, but it is just given by an ordinary covariant derivative if we insert 
the classical solution (j^). Tm are gamma matrices with space-time indices and T^ are those 
with local Lorentz indices. If we substitute the background helds (|]) for the equation (|2^) , the 
killing spinor equations for M = 0,1, • • ■ , 5, r become 


— 




6 y/Ni 

and those for M = 6 , 61 , 62 , 1 ^ are written as 


-TmT^ = 0, 


(23) 


Rm^ + 




-T^ye = 0, 


3y/Nis 

where 7 = The solution for these killing spinor equations is given by 


( 24 ) 











where eg is an arbitrary constant Majorana spinor. The non-trivial part which is expressed 
by the parameters 6 , 6 i and 62 corresponds to killing spinors of The backgronnd of N 

coincident NS5-branes preserves half of space-time snpersymmetry, as expected. 

Onr next task is to connt the nnmber of the killing spinors which is consistent with the con¬ 
dition of nnbroken snpersymmety on the M2-brane. A snpersymmetric variation of Majorana 
spinor 0 on the M2-brane with the ^-symmetry is given by the form 


5Q — e|]v[2 + (1 + Tj/t. 


(26) 


Here T is dehned, by setting 0 = 0, as 

r = „ , e‘^‘a,x‘-d,x^<a,x^TLMN. (27) 

3!y/-detP[GJafe 

This satisfies the property of projection matrix, that is T^ = 1. By nsing this, the condition 
50 = 0 can be written in the form 


Then by snbstitnting the solntions 

1 


1 -T = 


sin 9 


rS 


(1 — r)e|M2 — 0. 

and (pID for T, an eqnation of the form 

+ »=>'(7fe)r‘“ + ™M7fe)r' 




(28) 


(29) 


is obtained, and the condition (^8j) rednces to the form 

1 + cosh (^) + sinh (^) T^ii 1 + 


eo = 0. 


(30) 


Let ns operate T^y from the left side of this eqnation. Then a similar eqnation, bnt with a 
minns sign in front of the cosh, is obtained. By snbtracting the latter from the former, we 
hnally obtain a condition of the form 


1 + ^7 


eo = 0. 


(31) 


From this it follows that the conhgnrations of the spherical M2-brane break the 11-dimensional 
space-time snpersymmetry completely. This is in contrast with the spherical M2-brane in the 
backgronnd of AdSj x where the backgronnd has 32 maximal snpersymmetry and the 
spherical M2-brane preserves half of them|^, |^. In the frame work of the Wess-Znmino- 
Witten model, conhgnrations of spherical D2-brane which preserve half of the target space 
snpersymmetry are also discnssedp^ . 
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3 Cylindrical and Torus-like M2-branes in the Background 
of M5-branes 

3.1 Cylindrical M2-brane as closed strings 

In the previous section, we studied the properties of a spherical M2-brane in the background 
of the inhnite linear array of M5-branes. The 11-dimensional counterpart of this object is the 
giant graviton in the background of AdSj x Let us see this correspondence in more detail. 
Let N be the number of units of 4-form flux on the and the unit be parametrized by 
polar coordinates ( 6 *, 0 , 6 *i, 6 * 2 ) as 

= dO"^ + cos^ 9d(j)^ + sin^ 6 {d 6 l + sin^ didOl), (32) 


where and 0 < 0, 02 < 27r. M2-brane is wrapped on the parametrized 

by ( 01 , 62 ) and moving in the 0 direction. When a momentum conjugate to 0 takes an integer 
value M{< N), the spherical M2-brane becomes stable if sin0 is equal to 0 or The former 
solution represents an ordinary graviton and the latter one is called the giant graviton. If 
we identify the 0 direction with the direction and do the dimensional reduction, the giant 
graviton is expected to become a spherical D2-brane with M units of magnetic flux on it, which 
was just argued in the previous section. 

On the other hand, we can also examine a situation where the direction is identihed 
with the 02 direction, which is one of the world-volume directions of the giant graviton. Then 
the giant graviton will become a closed string, or a cylindrical M2-brane, in the background of 
N coincident NS5-branes (Fig.|^). We will investigate these conhgurations of an M2-brane in 
this subsection. 



Figure 3: Left hand side represents the giant graviton, and right hand side does an expanded 
closed string, both moving in the 0 direction. 
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A starting point is the M2-brane action (|^ in the backgronnd of the inhnite linear array of 
M5-branes (^. We adopt the polar coordinates on x®, • • ■ as in the Fig.(^: 

X® = r cos 6 * cos 0, x^ = r cos 6 * sin 0, x® = r sin 6 *cosx, x® = r sin 6 * sin x, (33) 


where 0 < 9 < ^ and 0 < 0, x < 27i. Then the backgronnd metric and the 3-form gange held, 
in an appropriate gange, become 

dsfi = f~3ri^ydx^dx'' + /s -f- cos^ dd0^ -|- sin^ 9dx^) + Z® (dx^^)^. 


Ni^ 

A = sin^ dd0 A dx A dx^^, /= ^ 


(34) 

What we are interested in here is the cylindrical M2-brane extending to the x^^ direction, so 
we identify the world-volnme coordinates with the space-time coordinates (t,x,0)- 

0 has periodicity of 27r, and is related to x^^ as x^^ = LRn'ijj. L is the winding nnmber. As for 
the scalar helds which correspond to the positions of the M2-brane, we assnme that x^, • • • , x® 
are zero and r, 6 and 0 are fnnctions only of t. Then, the metric indnced on the M2-brane and 
the pnllback of the 3-form gange held become 


-/ 3(1 — / r ^ _ _ j !^2 ^^^2 q ^ 2 'j 

P[GU = ( 0 

0 


0 

/Ir^ sin^ 9 
0 


0 

0 




11 / 


P[A] = LNip sin^ 6*0 dt A dx dijj. 

By snbstitnting the above data into the action (^, the Lagrangian 


= —4:'K^T2f^rLRii sindyl — /r^ — fr‘^9'^ — fr"^ cos^ 6*0^ -|- LN sim 


(35) 


(36) 


is obtained. It is nnderstood that a momentnm conjngate to 0 is a discrete conserved qnantity, 
and the second term plays the role of the potential energy which is negative if 0 is positive. 

So as to examine the potential energy of the conhgurations of cylindrical M2-brane, it is 
appropriate to move to the Hamiltonian formalism. The canonical conjngate momenta are 
dehned as 


Pr = 

Pe = 

p^^ 


dCM2 

47 r^T 2 / 2 rLRii sin 9 r 

dr 

y*^l — /r^ — _ ^ 7-2 pQg2 q^2 

dPM2 

47 r^T 2 /ir^Li?ii sin 9 9 

89 

y*^l — /r^ — _ ^ 7-2 pQg2 g^2 

dC-M2 

A7i‘^T2f^r^LRii sin 6 * cos^ 9 0 

d<P 

(/l — /r^ — — /r^ cos^ d 0 ^ 


( 37 ) 
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and the Hamiltonian is given by the form 
'Hm2 = / ® 



+ 


A 

fir 


+ 


- LN sin^ e 


+ {4n^T2fhLRusme)\ (38) 

/ 3 r cos 6 ' 

Physical interpretations of this Hamiltonian are as follows. The coefficient of the square root is 
the red shift factor. The hrst and second terms in the square root are the kinetic energies of r 
and 6 directions, like those of a point particle. The third term corresponds to the momentum 
conjugate to the 0 direction shifted by the effect of the background ffux of M5-branes. The 
fourth term represents the mass of the cylindrical M2-brane with the radius of f^rsinO. The 
main difference from the case of the spherical M2-brane is that, by multiplying the red shift 
factor, the fourth term does not depend on r. This is due to the fact that the cylindrical 
M2-brane is just a closed string and its tension does not depend on the dilaton held 0. 

Our next task is to solve the equations of motion obtained from the Hamiltonian (pS]). They 
are given by 


P. 


r = 


9 = 


f'HM2 ’ 
Pb 


m2 ’ 

P^-LNsiii^e 


P. = 


Pb = 


frHM2 ’ 
sin 9 


fr"^ cos^ 07^1^2 


(P^ - LN)\ 


(39) 


P^ = 0. 


fr2 pQg 2 Q ’ 

Pfj, takes an integer value. Differently from the case of the spherical M2-brane, we can assume 
that r = 0 = 0. These require Pr = Pb = 0 and hence Pr = Pb = 0. Then there are two kinds 
of solutions. The hrst one is given by 

P^ 


9 — 0, Hm2 — 


p i ^ 

f2r 


(40) 


where P^ is an arbitrary integer. This is a singular solution and represents a M2-brane shrinking 
like a thin wire. The another solution is written as 

LN 


Pa, — LN, 'Hm2 — 


f2r‘ 


(41) 


where 9 takes an arbitrary value in the region 0 < 9 < ^. This solution represents a cylindrical 
M2-brane with the radius flrsm9. In terms of type HA superstring theory, this corresponds 
to L coincident closed strings that look like embedded in and have the radius \/NisSm9. 
Note that when ^ = f the </> direction is not well-dehned, so the solution becomes singular. 

Let us investigate these solutions in more detail. By setting P^ = Pg = 0, the Hamiltonian 


([38|) takes the form 


LiM2 — 


^-Jpl + i^TP9{P^-LNf 

2 P V 


/2r 


(42) 
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n 



n 

A 


LN 

Hr 


(b) 


n 



Figure 4: The three cases of 0 < < LN, = LN and LN < P^ are drawn in (a), (b) and 

(c) respectively. 


The Hamiltonian is drawn as a function of 6 in Fig.^. For any value of P^j,^ the singular 
conhgurations at 6 = 0 take minimal energy, which are just the same energy as that of a 
point particle moving along the equatorial direction in the S^. The special case occurs when 
Pfj, = LN. There the cylindrical M2-brane freely expands into an arbitrary radius while keeping 
the minimal energy^ 

We can reproduce the Lagrangian (^61) by beginning with the Nambu-Goto action for strings 
of the form 


S = -LT / dVV-detP[G]a6 + LT P[P], 


(43) 


where the background is given by the equation (H). We also obtain similar kinds of expanded 
Dl-branes in the background of N coincident D5-branes. 


3.2 Torus-like M2-brane with winding and momentum numbers for 
the 11th direction 


In the subsection 2.2, we argued the conhgurations of the spherical M2-brane with M units of 


momentum in the 11th direction. And in the subsection |3.1| , we discussed the conhgurations 
of the cylindrical M2-brane winding L times around the 11th direction. In terms of type IIA 
superstring theory, the former corresponds to a spherical D2-brane with M units of magnetic 
hux on it and the latter to L coincident closed strings moving along the transverse direction, 
both in the background of N coincident NS5-branes. 

In this subsection, we investigate conhgurations of a M2-brane with winding and momentum 


^If we take into account the constant part of the harmonic function /, an extra term of the order might 
appear in the square root of the eq.(^^. Then fig.|| is slightly modified and in the case of = LN, the 
Hamiltonian becomes a monotonously increasing function of 0. There is also a possibility that the back-reaction 
modifies the behavior of the Hamiltonians, O. 
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Figure 5: A picture of x S^. The torus-like M2-brane is wrapped around the (j) and x 
directions. M2-brane world-volume wraps onto the direction L times as it goes around the 
(j) direction once. 


numbers along the 11th direction, in the background of the inhnite array of M5-branes. In order 
to have the winding number, the M2-brane should shape like a torus (Fig.|^). 

We adopt the polar coordinates on x®, • • • , x® like the equations (|33D in the previous subsec¬ 
tion. The background metric and the 3-form gauge held, in an appropriate gauge, are given by 
the equations (^). Now we want to realize the torus-like M2-brane conhgurations, so that the 
world-volume coordinates are chosen as (f, 0, x)- Then we assume that the scalar 

helds r and 6 are functions of t, and x^^ depend on t and 0 as follows: 

x^^(f,0) = i?ii(L0-h0(f)). (44) 

Here L is the winding number. Thus the M2-brane which we examine in this subsection is 
extending to the x direction and to a slanting direction in the (0, x^^)-plane (Fig.|^). The M2- 
brane also has momentum along the 11th direction. By using these settings, the metric induced 
on the M2-brane and the pullback of the 3-form gauge held become 

P[GU=i flir^cosH + L^Rl,) 0 ), 

\ 0 0 /ir^sin^6*/ 

P[A] = Nip sin^ 6*0 dt A d(j) A dx- (45) 

The Lagrangian is obtained by inserting the above data into the action (|^. It becomes 

Cm 2 = cos^ 9+Lmj^ sm9^ 1-fr"^-frW - g 

-|-A^sin^ 6*0. (46) 
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From this Lagrangian, we see that a momentum conjugate to ifj becomes a quantized conserved 
quantity and the second term yields a negative potential energy if ijj is positive. 

In order to examine the potential energy of the torus-like M2-brane conhgurations, it is 
appropriate to move to the Hamiltonian formalism. The canonical conjugate momenta are 
dehned as 


Pr = 

dPM2 

dr 

Pe = 

dCM2 

89 

III 

dPM2 

df) 


47r^T2/2rA/r2 cos^ 9+L‘^R\i sin^r 


3 02 




47r^T2 / 2 r^ cos^ 6 + L‘^R\i sin 9 9 


cos02 ^' 2 


(47) 


cos2 0+L2 /j2^ 


1 — fr"^ — fr‘^9^ — 

47r^T2/ir^(r^ cos^ 9+L‘^Rl^)~'^R‘l^ sin6'cos^ 9x[) 


/r2_R2^cos02 


+ Nsm‘^9, 




and the Hamiltonian is given by 

2 


’^M2 — / 


Pr 


+ 


Pf) 


+ 


P^ — N sin^ 9 


fsj \f3rj \ fir Rii cos 9{r‘^ cos‘^ 9 +L‘^Pl^) I 

+ (^Ti‘^T 2 f^r\J cos^ 9 + L‘^Rli sin 9 


cos^ 9 + L^R^ 


fl _ 

/ cos^ 9 


11 


(P| - 2NP^ sin^ 9+ N^ sin^ 9). 


(48) 


Physical meanings of the first and the second lines are as follows. As before, the coefficient 
of the square root is the red shift factor, and the first and second terms in the square root 
are kinetic energies of the r and 9 directions respectively. The third term in the square root 
corresponds to the momentum conjugate to the ip direction reduced by the effect of background 
flux of M5-branes. The fourth term represents the mass of the torus-like M2-brane. Especially, 
the value fl\/r‘^ cos^ 9+L‘^R\i is the length of the M2-brane extending in the (0, a;^^)-plane. 

Now let us investigate dynamical aspects of this system. Equations of motion are given by 


9 = 

= 


Pr. 


fPM2 ’ 

Pe 

fr‘^PM2 ’ 


Pr = 


PP 


Pf, = 


'cos‘^ 9+L‘^R^ 


frnM2 frRlfHM2 
sin 9 


[Pi - 2NP^ sin^ 9 + N^ sin^ 9 ), 


/r2 cos3 9 ?{ m 2 I 


N(N-2P^y 


+ cos^9 




11 


r L.UD U^±J 4^1 T.T -2 


fr'^Ph cos^ 9 Hm2 


{P^-Nsin^9), P^ = 0. 


(49) 


P^ takes an integer value. 


In order to obtain a static solution, we put 9 


0. This condition 
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means Pq = 0, and hence Pq = 0. Then a singular solution of the form 

LN 


P^ = N, 


TT 


0 = -, r = const, Hm 2 = i , 
Z f2r 


( 60 ) 


can be obtained. Note that, to obtain the above Hamiltonian, we should hrst set P^ = N and 
next substitute 9 = ^. This solution represents the cylindrical M2-brane extending along the 
11th direction, and the same as the singular solution obtained in the previous subsection. 

In the remainder of this subsection, we estimate some dynamical aspects of the torus-like 
M2-brane for an arbitrary value of P^. It is simple to choose Pr = Pe = 0 as initial conditions 
at t = 0. Then the Hamiltonian (^51) becomes of the form 


— 


+ 


L2 


fRh fr^ cos2 9 


(P| - 2NP^ sin^ 0 + Ar2 gin^ 9 ), 


(51) 


where r should be considered as some initial value. The partial differential on 9 is given by 


m 


M2 


L2 sin 9 


89 fr"^ cos^ 9 Hm2 
and this equation becomes zero when 0 = 0 or 


{P^-Nf + 


N{N-2P^y 


cos"^ 9 


(52) 


2n_ LRn\P'^ - N\ 


cos 9 = 


r^N{2P^-Ny 


(53) 


for Y < P^. For the latter case, 0 < cos^ 6^ < 1 requires that it exists in the range of 



Figure 6: (a) corresponds to the case of 0 < P^ < y. (b) does to that of y < P^, except for 
Pijj = N which is drawn in (c). 
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As mentioned in the subsection |^, our analyses are valid when 1 -C \fN -C r/Rn, so the 
above restriction can be approximated as 


N 


oo. 


(55) 
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When < y, a global minimum of the Hamiltonian (|5l[) exists at 0 = 0. In this case, 
from the equations of motion (|49D , we see that r decreases and 9 remains zero as time evolves. 
When Y < the global minimum exists at the 6 given by the equation (|53D , and we see 
that both r and 9 decrease as time evolves. As explained before, the singular case occurs when 
P^ = N (Fig.|). 


3.3 Torus-like M2-brane revisited from D2-brane action 


In the previous subsection, the conhgurations of the torus-like M2-brane with winding and 
momentum numbers of the 11th direction are discussed. Such discussions can also be made by 
employing the D2-brane action. The winding number and momentum along the 11th direction 
correspond to the electric and magnetic flux on the D2-brane world-volume, respectively. In this 


subsection we reproduce the Hamiltonian (^81) from the Born-Infeld action for the D2-brane. 
The Born-Infeld action for a single D2-brane is given by the form 


Sd2 = -T2 / <iy det(/>|G|„i + P[B]at + AF.i). 


( 66 ) 


Here A = and Fab is a gauge held strength on the D2-brane. Now we will construct the 
same situation as that of the previous subsection. The space-time coordinates are chosen as 
the equations (^). Then the background metric, dilaton held and the NS-NS 2-form of the 
equations become of the forms 

ds\Q = rj^^dx^dx'' + + r‘^d9‘^ + 9 d(f)^ + 9 dx^), = (57) 

B = sin^ ddcj) A dy. 


We choose the world-volume coordinates (^°,y,^^) on the D2-brane as (f,0, y), and suppose 
that r and 9 are functions of t. As for the gauge held strength, we assume that Ftx and Fx<t> 
are the only non zero components which only depend on t. By using these setups, the 3x3 
matrix in the square root of the action (^) becomes 

0 XFt^ \ 

P[G]ab + P[B]ab + XFab = I 0 Ncos"^ 9 N9- XF^^ \ , (58) 

V -XFt^ -Nilsm^9+XF^^ Nilsm^9 j 
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and the Lagrangian is expressed as 

£^2 = -An‘^T2e-^^Jx{l-fr^-N^‘le‘^) - cos^ 
X = sin^ 9 - 2Nil sin^ 9{\F^^) + 


(59) 


We will deform this Lagrangian using the methods of refs. 0, 0 0 [58[] . First, from the 
magnetic flux quantization condition 

J dxdcpF-^^ = 27 iM, (60) 

we obtain the relation ^x4> = M/2 'k. M takes an integer value. Then the Lagrangian (|^) is 
written as 

£02 = -in^T2e-‘^^X{l-fr^-N0^) - cos^ 0{XFt^y, (61) 

X = N^t sin^ 9 - 2NMit sin^ 9 + 


Second, let us dehne 


E = 


dC 


D2 


An‘^T2e-^Ni‘l cos^ 9{XFt^) 


(62) 


^X{l-fr^-Ne;IP) - NP,cos?e(\F,^f 

E can be just a constant by employing an equation of motion for A^. And from this equation 
XFt^ is expressed as 




E\ X{l-fr^-NP^9^) 


y/Ni, cos 9 ^^2 + (47r2T2e-<^)2X£2 cos^ 9' 
The electric flux quantization condition is given by the form 


E = 2nTL = 


(63) 


(64) 


where L is an integer. Now we make a Legendre transformation in the following way. 

-^02 = -^02 — E{XFty^) 

+ (47r2T2e-'^)2X£2 COS^ 9 fnr^ 

= - 7^„ -7- X[l-fr^-N^l9^). (65) 

V Nig cos 9 

Note that this does not coincide with the Lagrangian obtained in the previous subsection. 

As usual we move to the Hamiltonian formalism. The canonical conjugate momenta are 
dehned as 


dC^2 _ + (47r2T2e-'^)2X£2 cos2 9 ^fr 

1 r 


P, = 


dr 

dPm 

89 


VNigCos9 ^i_fr2_NPy 

+ (47r2T2e-'^)2X£2 cos2 9 x/XNfJ 


( 66 ) 


\/X is cos 9 


l-/r2-X£202 
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and the Hamiltonian is given by 


^D2 = J^ + ^ + - T! ^ 9-2NM sin^ 9 + M^). (67) 

y / jr"' jr^Rf^cos^O 

Thus we have reproduced the Hamiltonian (^8|). The description of the D2-brane agrees with 
that of the M2-brane completely at the level of the Hamiltonian. 

Before ending this subsection, it is meaningful to expand the Lagrangian (|6l|) so as to 
neglect the higher order terms of It becomes as follows: 

= -MToe-^^l-fr^-Nej^h - _ sin^ 0 + ^ sin^ 0 cos^ 0 (68) 

_ ^ ^ _ (\p ^2 I 

If we trace the same process as before in this subsection, the electric flux quantization condition 
is given by 

A^r„e-*cos^^(AF.,) _L 
M£2^1-/r2-iV£202 4 

and the Hamiltonian becomes 



p2 / AT Ar2 

® +M2Tn2e-2^ 1- —sin2 0-' 


NP 


M 


2M2 


sin^ 9 cos2 9 + 


2r2 cos2 9 


Let us roughly estimate physical features obtained from this Hamiltonian by setting Pr 
0. It becomes of the form 


(70) 
Pe = 


n ~ MToe-^ 



iV2 

2ii^ 


sin^ 9 cos^ 9 + 


RiiL^ 


2r2 cos2 9 


(71) 


The hrst term is just the mass of M DO-branes. The second term reduces the potential energy 
by the effect of the background flux of NS5-branes . The third term increases the potential 
energy, but the contribution is less than that of the second term when we compare their absolute 
values. If L = 0, the energy reaches to a minimum when 9 = ^. The existence of the fourth 
term, however, shift the minimum of the potential slightly below After all, we obtain toroidal 
conhgurations of the D2-brane expanding into the (j) and y directions, with the electric flux 
along the y direction and the magnetic flux on it. The radius of the 0 direction is small 
compared with that of the y direction. Thus the torus looks almost like a closed string. 
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4 Construction of Expanded Strings from DO-branes 


In this section we reexamine the torus-like conhgurations of the M2-brane or D2-brane from the 
viewpoint of DO-branes. The point is to realize fundamental strings by only using the degrees 
of freedom of DO-branes. In the BFSS matrix theory, which is dehned in the flat space-time, 
fundamental strings have been constructed through a guide of the BPS condition[^]. In our 
case, however, the background is curved and the BPS condition is also useless. We use the 
non-abelian Born-Infeld action for M DO-branes and aim for reproducing the Lagrangian ([^) 


The action for N coincident D-branes for flat space-time has been constructed in ref.ilTl 


and extended in a way consistent with T-duality in ref.[|I^]. The non-abelian Born-Infeld action 
for M coincident DO-branes is given by the form 


SMm = -To j dtSTr(e-y-(P[E]oo + P[^']oo) det(gP)), = (72) 


Here we dehned + - 6])E^'^Eku and Q*,- = Si + {[X\X’^]Ekj. 

X* belong to the adjoint representation of U{M) and denote the positions of M DO-branes. 
The partial differentials appearing in the pullbacks should be regarded as covariant derivatives 
with respect to gauge symmetry on the world-volume. The background metric is given by the 
equation (|^), and the NS-NS 2-form is written as 


B 


f 


(a;6)2 + (a;7)2 


x^x^dx^ A dx^ — x'^x^dx^ A dx^ 
x^x'^dx’’ A dx^ + x^x^dx'^ A dx ^'), 


(73) 


where the gauge is hxed as in the previous subsection. 

In the subsection p.2| and |3.3|, we have investigated the torus-like conhgurations of M2-brane 
or D2-brane expanding into the S^. In the matrix theory, the toroidal conhguration can be 
realized by using the matrices called ‘shift’ and ‘clock’. In our case, what we want to realize is 
the torus conhguration whose two 1-cycles become S^s in the (x®, a;^)-plane and (x®, a;®)-plane 
respectively. Then it is natural to assume that the matrices X* become X^ = ... = X^ = 0 
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and 


X6 = 


r cos 9 


/O 1 
1 0 1 
1 0 




0 

1 


1 

0 


/ 0 

i 


X^ = 


r cos 9 


i \ 


0 

i 


—i 

0 


0 -i 
i Q —i 



VI 

1 oy 



i 


( 

\ 


^ Si 

\ 


C2 



S2 


X® = r sin 6* 


CM-1 

, X® = r sin 0 


sm-i 



Cm / 


V 

Sm j 


/ 


(74) 


Here Cm = cos and = sin are defined for abbreviations. Note that the relations 
+ {X'^y = r^cos^6*lM and (X®)^ + (X®)^ = r^sin^6'lM hold. 1m denotes the MxM 
identity matrix. The commutation or anti-commutation relations of these matrices or other 
useful relations are collected in the appendix 

There are a few remarks on 


Now we substitute these expressions into the action (|7^) . 
practicing calculations. First, each component of the NS-NS 2-form becomes an MxM matrix. 
In order to be Hermite matrices, they should become of the forms 

f{X\X‘>} „ f{X\X»} 


Bes — 


Bjs — 


2^2 (.Qg2 g ’ 

f{X%X^} 


Beg — 


Bjg — 


2^2 (.Qg2 Q 

/{X^X8} 


(75) 


2r2 cos^ 9 2r‘^ cos^ 9 

where we introduced the notation {X*, X-^} = X^X-^-|-X-^Xh Next, because of the symmetrized 
trace operation in the action (|7^ , DgX^, [X^X-^] and Bij should be ordered symmetrically. 
Third, we expand the action to the order of /^[ylo,X*]^ or /^[X*,X-^]^. From explicit calcula¬ 
tions, we see that the term /[X®,X®] is of the order of for example. So we omit above the 
order of in the action. 

At the beginning, by taking care of the above remarks, we obtain 


-(F[E]oo + P[E']gg) =1 m- DeX^DgX^G,kQ-^\ 

= (1 _ _ Niy)lM + /[Ao,Xf + 0((f)'). (76) 

Now i takes only 6, 7, 8, 9. Next let us define 5*^ = y [X*, X^]Ekj- Then we can obtain a matrix 
valued equation of the form 

detQ^ = 1 m + Tr,5 + |(Tr,F)' - fTr.F^ + ^(F^). (77) 
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The notation Tr^ indicates that the trace should be taken with respect to the indices i. After 
some calculations which is explained in detail in the appendix the equation (ffTf ) is translated 
into the form 


det = (1 - 

By substituting the equations 


2N 


sin^ e + 


iV2 


sm 




M. ' M2 

and f lTSl) into the action (^), the Lagtangian becomes 


(78) 


Cmdo = -Toe-^ Tr I J^ (1 - /r2 - 1m + f[Ao, Xf + 0((^)3) 


-Toe-'^-y/l-/r2-X£202 Tr (^1 - ^ sin^ 9l 

f[Ao,Xf 




2M2 


sin^ 6 cos^ 6 ) 1 


lm 


2(l-/r2-X£202) 


+o((fn 


(79) 


Here X is already appeared in the equation (^). 

The remaining task is to give an explicit expression for Aq. In order to do this, we should 
solve the equation which is obtained by varying Aq. It is given by the form 


[X*,[Ao,X*]] = 0. 


(80) 


A trivial solution is Aq = 0, but this is not appropriate to reproduce the Lagrangian (|H5|). 

To get the expression for Aq which reproduce the Lagrangian it is useful to consider 
the quantization condition of fundamental string charge. The minimal coupling term between 
NS-NS 2-form held and L fundamental strings extending to direction is given by 


LT 


dtdx^Boj. 


(81) 


And the matrix realization of this term can be done as follows. What we want is a minimal 


coupling term to Bqj in the action ([72|) , and it arises from the terms in the P[E']qq of the form 


2i f 

DqX^E'q + DqX^E'q, ~ -XDqX^[X\X^]Bqj. 


Then the minimal coupling term is given by 

r fToe-^ 


T / dt 


l-/r2-X£202 


Tr [X^W][Ao,W] 


50i 


(82) 


(83) 


If Aq = 0, this term vanishes, but otherwise it yields the non-zero string charge. 

Now we want to realize the case where the hux corresponding to the fundamental string is 
along the in the {x^,x^) plane. Therefore it is reasonable to assume that Aq is a diagonal 


22 












matrix, since [y4o,X®] = [Aq,X^] = 0 and coupling terms of Bqq and Bqj do not appear in this 
case. Then, in addition to the trivial one, we can obtain a solution of the equation (^Ol): 


®m+l — 


Me 


0{{§r), m = 


(84) 


where am denotes the mth diagonal element of Aq and om+i = 01 - a is a function of t. By- 


inserting this solution into the equation (|8^) and taking the limit of large M, the trace is 
substituted for an integral and we obtain 


T 


= T 



NT^e ^ cos^ 6 a 
NToe~'^ cos^ 6 a 


^ — r sin 6* sin y Bqs + r sin 6* cos x B 





(85) 


where y is identihed with the angular coordinate in the (x®, a;®)-plane, as like in the previous 
section. Comparing this equation with (^TD, the following quantization condition 


NTqc ^ cos^ 6 a 


( 86 ) 


can be obtained. This is similar to the equation (|6^) given in the previous subsection, and 
becomes equal if we make the following identihcation 


a = XFt^. (87) 

Then straightforward calculation leads 

flA„,Xf = -^cos^9(AF,,)= 1„ + C>((f)“). (88) 

By substituting this relation for the Lagrangian ([75D, we can hnally obtain the same Lagrangian 
as (0) or (I^BI). This means that the dynamics observed in the previous subsections by using the 
action of M2-brane or D2-brane can be reproduced exactly from the viewpoint of DO-branes. 


5 Conclusions and Discussions 

In this paper we have discussed the conhgurations of the spherical, cylindrical and torus-like 
M2-brane in the background of the inhnite array of M5-branes in the direction. Reducing 
along the direction, this background is interpreted as that of NS5-branes. In the region 
where our calculations are reliable, all conhgurations are stabilized against collapse by virtue 
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of the background flux of M5-branes. Through the analyses of those conhgurations, we have 
investigated the deep relations among M2-brane, D2-brane, fundamental strings and DO-branes. 

The spherical M2-brane with momentum along the 11th direction is identihed with the 
spherical D2-brane with magnetic flux on it. We reproduced the well known relation between 
the radius of the spherical D2-brane and the number of magnetic flux on it from the viewpoint 
of M2-brane. Moreover we obtained the classical motion for the radial direction, and hnd that 
the spherical D2-brane falls deep into the throat part of NS5-branes. Finally the spherical 
D2-brane will reach to the throat part of M5-branes and becomes the giant graviton in the 
background of AdS^ x We have also checked that the spherical D2-brane conhguration is 
not a BPS state. 

The cylindrical M2-brane extending along the 11th direction is identihed with closed strings. 
This closed strings has the angular momentum along certain in the where the hux of NS5- 
branes penetrates. In general closed strings shrinks to zero size because of its tension. However, 
when the number of angular momentum is equal to that of the background hux of NS5-branes, 
these closed strings can freely expand in the without loss of the energy. Expanded closed 
strings are considered as the counterpart of giant graviton, where the reduction is done for 
one of the world-volume direction of the giant graviton. In order to check this correspondence, 
however, the careful analysis is needed, because the geometry where the giant graviton lives 
is S^, and on the other hand the background of NS5-branes is x S^. There may be a 
transition from the cylindrical M2-brane to the spherical M2-brane. A similar kind of transition 
is discussed in the context of the type IIA string theory in ref, [p^] . 

The torus-like M2-brane with winding and momentum numbers along the 11th direction 
is identihed with the toroidal D2-brane with electric and magnetic huxes on it. In fact, we 
obtained the same Hamiltonian of the toroidal D2-brane as that of the torus-like M2-brane. 
We should stress that we could as well reproduce the same Hamiltonian by beginning with the 
non-abelian Born-Infeld action for a large number of DO-branes. This is just the construction of 
closed strings as a bound state of DO-branes. By using the torus-like conhgurations, we could 
have deep understanding on the relations among M2-brane, D2-brane, fundamental strings, 
and DO-branes. 

In the cases of spherical and torus-like M2-branes, they fall deep into the horizon of the 
inhnite array of M5-branes, and would hnally become the giant gravitons. The reason for these 
motions of the radial direction is as follows. In terms of type HA superstring theory, these 
conhgurations are bound states of D2-brane and DO-branes, so their masses depend on the 
dilaton held. Their masses become smaller if they approach the origin of the radial direction. 
On the other hand, the cylindrical M2-brane is fully static. This is due to the fact that the 
tension of closed string does not depend on the dilaton held. The throat geometry of NS5-branes 
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is also well described by the Wess-Zumino-Witten model on the group manifold of SU{2), and 
it is an interesting problem to realize the cylindrical or torus-like M2-brane conhgurations in 
that model. 

In section ^ the quantization condition of string charge in the background of NS5-branes is 
argued from the viewpoint of DO-branes. The same results are also applied to other Dp-branes 
for 1 < p. For example, in the background of flat space-time, we obtain the following effective 
action: 

Smdp - -MVp+rTp -T,j dF+^aTi(^{DaX^){D-X^) + - -^[X\X^]^^ (89) 

dP+VTr([X*,X^]Do^^)So*. 

The second line in the above equation gives the string charge. Especially in the case of DO- 
branes, we obtain the quantization condition 

^Tr([X*,X^']DoX^) =L, (90) 

where L takes an integer value. This coincides with the results obtained from arguments of 11- 
dimensional superalgebras p0| . Non-trivial Aq have played an important role in ref 
is an matrix version of ref|[42||. 
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A Calculations 


The definitions and calcnlations employed in the section ^ are collected in this appendix. 

{Xy + {Xy = cos^ e 1m, + {Xy = sin^ 6 1; 


LAT, 


27r(m+l) 


27rm 


Cm = cos^ -COS --'- , s^ = sin^-sin ^ , 


c+ = |(cos^ + COS 


27r(m+l) \ 
M ) ’ 


s+ = |( Sin 


27r(m+l) 

M • 

2nm I • 27r(m+l) \ 

M M ) ■ 


( 91 ) 


The commntation relations for X*. 


[X®,X^] = [X^X^] = 0, 


/ 0 


[X®,X®] = 


sin 6 cos 6 


Cl 0 -C2 

C2 0 


\ 

f 0 

sr 0 -S2 


[X^X^] = 


sin 6 cos 6 


S2 0 


[X^X«] = 


sin 6 cos 6 


\ 

/ 0 ch 
cr 0 C2 

C2 0 


Cm ^ 


0 -c 


M-2 


■'M -2 


0 Cj^_^ 


Cm-1 0 


Sm ^ 


0 -s 


M-2 


^M-2 0 ^M-1 

^M-1 0 J 

Cm ^ 


0 Cm_2 
Cm-2 0 '^M-1 


\Cm 

( 0 


■'M 


-1 0 / 


[X^X«] = 


ir^ sin Q cos Q 


_ Si _ 

sr 0 §2 

§2 0 


Sm \ 


0 s 


M -2 


V^M 


Sm-2 0 Sm_i 

Sm-1 0 J 
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The anti-commutation relations for X*. 








{X^X9} 


Useful relations. 


/ 0 c+ 
c+ 0 c+ 
4 0 


= sin 0 cos 0 


'M 


\ 


0 c 


M-2 


\^M 

(0 


^M-2 0 ^M-l 

clr-1 0 / 


= sin 0 cos 0 


4 0 4 

s+ 0 




0 s 


M-2 


\^M 

( 0 


^M-2 0 ^M-1 

Sm-1 0 / 


= ir^ sin 0 cos 0 


-'M 


\ 


0 -c 


M-2 


^M-2 


\ 

( 0 -4 

0 


0 ^M-l 

0 J 


^M-1 


= ir^ sin 0 cos 0 


^M ^ 


-^2 

0 


’M-2 


’M-2 

0 


’M-1 


V ^M 


^M-1 0 J 
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— + — + _ — + — + _ l-47r 

^m^m+l ^m^m+1 ^m+Xm 2 "M ’ 

^m'^m M’ 
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Helpful definitions and calculations. [Z*, Z^] and {Z®, Z^} are defined as the matrix part of 
and respectively. 


Y% = A'>], B,e} 

= Z% {Z-’, Z»}} - {[Z», Z% {Z\ Z»}}) 


A^sin^^ 

/-4sin^ 

0 

• 47r 

sm^ 

0 

-4 sin If 

0 

• Att 

0 

-4 sin If 


• Att 

A i 

• Att 

sm-g 

IGtt 

sinf 

'v 0 

• Ait 

sm^ 


-4 sin If 

0 

• Att 

sm-^ 

0 

-4sinf 

0 

• Att 

0 

-4sin^y 




N sin^ 6 , 

-{[Z^ZS] 

,{Z«,Z»}} + {|Z',Z>| 




IGtt 
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/-4sin^ 

0 

• Ait 

-sm-g 

0 

-4sinf 

0 

• 47r 

0 

-4 sin If 


• 47r 

0 \ 
-sin If 

IGtt 

-sinf 
^ 0 

• Ait 


-4sin^ 

0 

• Ait 

0 

-4 sin If 

0 

• 47r 

-sm^ 

0 

-4sinfyl 


y's ^ B«} + A'l,Bjs} 

= ^^^({|Z», Z% {Z\ Z»}} - {IZ\ Z% {Z«. Z®}}) 


/ 4c^s^ 


iVsin^^ 

IGtt 


4ci s+ 


-4c^ sf - 4c2 


\ 




n = ^{[X^X 6 ],H 69 } + ^{[X^X^],H 79 } 


2A 
AT sin^ 0 

IGtt 


2A 


AT sin^ e 
IGtt 


( - {[Z6, Z^}} + {[Z^ Z®], {Z®, Z*}}) 

(4smcXi + 4S]^ cf 


\ 


4si cf + 4s2 C 2 


4Sm-iCm-1 + / 
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-n. Bst} + A“], Bst} 


2A 

iN sin^ 6 
IGtt 


2A 

({[Z^ {Z^ Z^}} - {[Z^ Z9], {Z^ Z*}}) 

/ 0 0 


iN sin^ 6 
IGtt 


sm 


An 

M 


0 

0 


• 4:7r 


0 

0 


sin f 0 \ 
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• 47r 


0 

0 


0 

0 


• Att 


V 


0 


• An 


sinf 0 


0 

0 




2A 
iN sin^ 9 

IGtt 


({[Z^ Z^}} - {[Z^, Z^}}) 

/ 0 0 


iN sin^ 6 
IGtt 


sm 


An 

M 


0 

0 


• An 

-sm-^ 


0 

0 


sin ^ 0 \ 

sinf 


• An 


0 

0 


0 

0 


• An 

sm-g 


V 


0 


• An 


sinf 0 


0 
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n = -{[X«,X%569} + ^{[X«,X^,i?79} 


2A 
TVsin^^ 
IGtt 

TVsin^^ 

IGtt 


( - {|Z«, Z®|, {Z’, Z»}} + {|Z', Z«], {Z«, Z®}}) 


\ 


4ci C]^ + 4 c2 C 2 


V 




>^8 = —{[X^X%B,s} + ^{[X\X\Bjs} 


2A 
TV sin^ 0 
IGtt 

TV sin^ 9 
IGtt 


2A 


({[Z^ Z^}} - {[Z^, {Z^, Z^}}) 

-4s^sf - is^s^ 
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V 
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+ F\ + y9g 


{Y\f + {Y\f + {Y\,Y\} 


^-^{[X^X^f + [X^X^f + [X\X^f + [X\X^f) 

By using the above results, we obtain 

Tr,^ = F% + + F% 

= -2^sin2 0lM + O((f)"), 

- ^ ([X®,X®] 2 + [X®,X'^]" + [X",X®]2 + [X\X^f) 

= -^sin^^lM + ^sin2 0cos^0lM + O((^)^), 

5F.b' = 2^=i"‘91« + 0((S)‘‘)- 
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